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LYUBEZNIK NUMBERS OF IRREDUCIBLE PROJECTIVE
VARIETIES DEPEND ON THE EMBEDDING
BOTONG WANG
Abstract. We construct irreducible complex projective varieties such that the Lyubeznik
numbers of their affine cones depend on the choices of projective embeddings. The main
ingredient is the recent work of Reichelt-Saito-Walther, where the Lyubeznik numbers
are reinterpreted using perverse sheaves and reducible projective varieties with depen-
dent Lyubeznik numbers are constructed.
1. Introduction
In the seminal paper [Lyu], Lyubeznik studied finiteness properties of local cohomol-
ogy modules. While the article was primarily concerned with the characteristic zero
case, when combined with earlier results of Huneke and Sharp [HS] it allowed Lyubeznik
to define a set of numerical invariants attached to a point on the spectrum of a finitely
generated algebra over any field by way of local cohomology. These numbers became
known as Lyubeznik numbers and can be determined by viewing the given ring as a
quotient of a finite polynomial ring over the base field. Lyubeznik’s remarkable theo-
rem is that the numbers are invariants of the original ring, and does not depend on the
presentation.
While defined in purely algebraic ways, it was realized early on that in characteristic
zero these numbers often had something to do with topology. For the vertex of a cones
over smooth projective varieties, Garcia-Lopez and Sabbah [GLS] gave a formula in
terms of differences of Betti numbers of the projective variety. This idea was sharpened
later by Switala [Swi]. Independently, Walther [Wal] and Kawasaki [Kaw] studied the
relation of Lyubeznik numbers with the topology of the punctured spectrum for local
rings of Krull dimension two. Recently, Lorincz and Raicu [LR] obtained combinatorial
formulas of the Lyubeznik numbers for determinantal rings. See [NWZ] for a recent
survey of the subject.
In this paper, we study the Lyubeznik numbers of the local rings of an affine cone at
the cone point. LetX be a complex projective variety, and let C(X) ⊂ An+1C be the affine
cone of X with respect to some projective embedding X → PnC. Denote the coordinate
ring of An+1C by R, and denote the defining ideal of C(X) by I. The Lyubeznik numbers
λk,j(C(X)) of the affine cone C(X) are defined by
λk,j(C(X))
def
= dimC Ext
k
R(C, H
n−j
I R)
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for k, j ∈ Z≥0. An early question, predating the year 2000, was whether the Lyubeznik
numbers λk,j(C(X)) depend on the choice of the projective embedding of X .
In positive characteristic, it is proved by Wenliang Zhang [Zha] that the Lyubeznik
numbers of C(X) depend only on X , not the choice of embedding. In [GLS] and [Swi],
the same result is proved for smooth projective varieties in characteristic zero. More
recently, Thomas Reichelt, Morihiko Saito and Uli Walther [RSW] constructed reducible
complex projective varieties X such that the Lyubeznik numbers of C(X) depend on
the choices of projective embeddings. In this paper, we extend their result to irreducible
projective varieties.
Definition 1. Let X be a complex projective variety. We say that X has dependent
(k, j)-Lyubeznik number, if the Lyubeznik number λk,j(C(X)) of the affine cone of
X depend on the choice of the projective embedding. We say that X has dependent
Lyubeznik numbers, if X has dependent (k, j)-Lyubeznik number for some k, j.
The main result of this paper is the following.
Theorem 2. There exist irreducible projective varieties with dependent Lyubeznik num-
bers.
The proof of the theorem strongly relies the results of [RSW], where a necessary con-
dition of dependent Lyubeznik numbers is given (Corollary 6) and examples of reducible
projective varieties satisfying such necessary condition are constructed (Proposition 7).
Given such a reducible projective variety X , we construct an irreducible projective va-
riety Y that carries over the necessary condition of dependent Lyubeznik numbers from
X (Proposition 8).
Acknowledgment We thank the anonymous referee for his/her detailed comments,
especially about the history of the Lyubeznik numbers. We also thank Claudiu Raicu,
Laurentiu Maxim and Uli Walther for helpful discussions. The author is partially sup-
ported by the NSF grant DMS-1701305.
2. The results of Reichelt-Saito-Walther
In this section, we briefly recall the main results of Reichelt-Saito-Walther ([RSW]).
The first one is that the Lyubeznik numbers can be computed using certain perverse
sheaves.
Proposition 3. [RSW, Proposition 1] Let C(X) be the affine cone of a projective variety
X with respect to some projective embedding. Then
λk,j(C(X)) = dimQH
ki!
(
pH−j(DQC)
)
where the map i : 0 → C(X) is the inclusion of the origin to the affine cone, the
functor D : Dbc(QC(X)) → D
b
c(QC(X)) is the duality functor in the derived category of
Q-constructible sheaves on C(X) and pH−j is taking the (−j)-th perverse cohomology1.
Definition 4. Let X be a projective variety of dimension d and let F be a perverse
sheaf on X . We say F is Lefschetz dependent in degree k if the quantity
dim ker
(
A : Hk−1(X,F)→ Hk+1(X,F)
)
+ dim coker
(
A : Hk−2(X,F)→ Hk(X,F)
)
1See [Dim] for an introduction about constructible sheaves, the duality functor and perverse sheaves.
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depends on the choice of the ample class A of X .
Remark 5. By the semi-continuity theorem, F is Lefschetz dependent in degree k if
and only if one of
dim ker
(
A : Hk−1(X,F)→ Hk+1(X,F)
)
and
dim coker
(
A : Hk−2(X,F)→ Hk(X,F)
)
depends on the choice of the ample class A.
As a consequence of Proposition 3, we have the following.
Corollary 6. [RSW, Corollary 1] For a projective variety X, the Lyubeznik number
λk,j(C(X)) of the affine cone of X depends on the choice of the projective embedding if
the perverse sheaf pH1−j(DQX) is Lefschetz dependent in degree k for some k ≥ 2, j ≥ 1.
In [RSW], reducible projective varieties with dependent Lyubeznik numbers were con-
structed. We will not repeat their construction. Instead, we state it as the following
proposition.
Proposition 7. [RSW, Section 2.1, 2.2] For any integers d2 > d1 ≥ 2, there exists
a non-equidimensional projective variety X with irreducible components of dimension
d1 + d2 and d1 + d2 + 1, such that the perverse sheaf
pH−d1−d2(DQC(X)) is Lefschetz
dependent in degree d2 − d1 + 1.
By Corollary 6, the varieties in Proposition 7 have dependent Lyubeznik numbers.
In [RSW, Section 2.3], much more complicated equidimensional reducible projective
varieties with dependent Lyubeznik numbers were constructed. For the purpose of this
paper, the non-equidimensional examples are sufficient.
3. The irreducible examples
We state the desired construction as the following proposition, which may also be
interesting for other purposes.
Proposition 8. Given any (possibly reducible and non-equidimensional) complex pro-
jective variety X with two ample classes A1 and A2, there exists an irreducible projective
variety Y and a closed embedding f : X → Y such that
(1) f induces an isomorphism between X and the singular locus of Y (with the in-
duced reduced structure);
(2) pHi(DQY ) is isomorphic to
pHi+1
(
DQf(X)
)
for i > − dimY ;
(3) there exist ample classes B1, B2 of Y such that f
∗B1 is a multiple of A1 and f
∗B2
is a multiple of A2.
We first construct the variety Y and the map f . By Serre’s vanishing theorem, for
sufficiently large integer m, both mA1 − A2 and mA2 − A1 are very ample classes. Let
A′1 = mA1 − A2 and A
′
2 = mA2 − A1. Let ϕ1 : X → P
N1 and ϕ2 : X → P
N2 be the
projective embedding maps associated to very ample classes A′1 and A
′
2 respectively.
Define ϕ
def
= (ϕ1, ϕ2) : X → P
N1 × PN2 .
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Lemma 9. Under the above notations, there exists a vector bundle E on PN1 ×PN2 and
a global section s of E such that the zero locus of s is equal to ϕ(X).
Proof. Suppose ϕ(X) is equal to the intersection of divisors D1, . . . , Dl of P
N1 × PN2 .
For each Di, there is a global section si of O(Di) whose zero locus is equal to Di. The
section s = (s1, . . . , sl) of the vector bundle E = O(D1) ⊕ · · · ⊕ O(Dl) has zero locus
ϕ(X). 
Let E and s be as in the preceding lemma. Consider E as a quasi-projective variety.
We define a subvariety Y ′ of E × C by Y ′ = {(η, λ) ∈ E × C | η ∈ Γ(λs)}, where
Γ(λs) is the image of the section λs in E. Let C be the plane conic curve defined by
y2 = x2+x3, and let pi : C→ C, λ 7→ (λ2−1, λ3−λ) be the normalization map. Denote
the nodal point of C by Q. Then pi maps both −1 and 1 to the nodal point, and pi is
an isomorphism away from Q.
We define Y ′′ to be the image of Y ′ under the map (id, pi) : E × C → E × C. There
exists a natural map g′ : Y ′′ → PN1 × PN2 as the composition of the projection to E
and the vector bundle map E → PN1 × PN2. Notice that the singular locus of Y ′′ is
contained in E × {Q}, and hence closed in Y ′′. Thus, we can construct a projective
compactification Y of Y ′′ such that Y is smooth along Y \ Y ′′. Additionally, using the
resolution of singularty, we can assume that the map g′ extends to g : Y → PN1 × PN2 .
Let ψ : X → E be the composition of ϕ : X → PN1 × PN2 and the embedding
PN1×PN2 → E as the zero section. We define the map f : X → Y by f(P ) = (ψ(P ), Q).
Next, we prove Y and f satisfy the there properties in Proposition 8.
Proof of Property (1). By our construction, the restriction (idE, pi)|Y ′ : Y
′ → Y ′′ is an
isomorphism away from ψ(X)×{Q}, and it is two-to-one along ψ(X)×{Q}. Therefore,
Y ′′ is smooth away from ψ(X) × {Q}. The variety Y ′′ is singular along ψ(X) × {Q},
because it is analytically locally reducible there. Since Y is smooth along Y \Y ′′, property
(1) follows. 
Proof of Property (2). Denote the normalization of Y by Y˜ , and denote the normaliza-
tion map by q : Y˜ → Y . By the construction, q is isomorphic to the map (idE , pi)|Y ′ :
Y ′ → Y ′′ over Y ′′, and it induces an isomorphism over Y \ Y ′′. Therefore, we have a
short exact sequence of constructible sheaves,
0→ QY → q∗QY˜ → Qf(X) → 0.
Applying the Verdier duality functor D, we have a distinguished triangle
DQf(X) → D(q∗QY˜ )→ DQY → DQf(X)[1].
Taking perverse cohomology gives rise to a long exact sequence
· · · → pHi(D(q∗QY˜ ))→
pHi(DQY )→
pHi+1(DQf(X))→
pHi+1(Dq∗QY˜ )→ · · ·
By definition, the normalization of Y ′′ is isomorphic to Y ′, which is smooth. Moreover,
Y is smooth along Y \ Y ′′. Therefore, Y˜ is smooth, and hence QY˜ [dimY ] is perverse.
Since q is a finite morphism, q∗QY˜ [dimY ] is also perverse. Since the duality functor
preserves perverse sheaves, pHi(D(q∗QY˜ )) = 0 for any i 6= − dimY . By the long exact
sequence, for any i > − dimY , we have pHi(DQY ) ∼=
pHi+1(DQf(X)). 
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Proof of Property (3). Choose an ample class B of Y . Since pi(1) = Q, the inclusion
ϕ(X) ⊂ Y factors as
ϕ(X) ⊂ Γ(s)× {Q} ⊂ Y ′′ ⊂ Y.
Therefore, the ample class f ∗B is equal to the pullback of an ample class on Γ(s)×{Q}.
Notice that Γ(s), as the total space of a section of E, is naturally isomorphic to PN1×PN2 .
Therefore, f ∗B is a positive combination of A′1 and A
′
2, i.e., f
∗B = αA1 + βA2 for some
α, β ∈ Z>0.
Let g1 (resp. g2) be the composition of g : Y → P
N1 × PN2 and the projection
PN1 × PN2 → PN1 (resp. PN1 × PN2 → PN2). Denote the hyperplane classes of PN1
and PN2 by H1 and H2 respectively. Since g
∗
1H1 and g
∗
2H2 are the divisor classes of
base-point-free line bundles on Y , the divisor class B + µg∗1H1 + νg
∗
2H2 is ample on Y
for any µ, ν ∈ Z≥0.
Since f ∗(g∗1H1) = A
′
1 and f
∗(g∗2H2) = A
′
2, we have
f ∗(B + αg∗2H2) = αA1 + βA2 + α(mA2 − A1) = (β + αm)A2
is a multiple of A2. Thus, B2
def
= B + αg∗2H2 satisfies the desired properties. Similarly,
we can let B1
def
= B + βg∗1H1. 
Corollary 10. Suppose X is a (possibly reducible and non-equidimensional) projective
variety such that pH1−j(DQX) is Lefschetz dependent in degree k with k ≥ 2, j ≥ 1. Let
Y be as in the preceding proposition with the appropriate choice of A1 and A2. Then Y
has dependent (k, j + 1)-Lyubeznik number.
Proof. Since f is a closed embedding, it induces an isomorphism between X and f(X).
By properties (2) and (3), with the appropriate choice of A1 andA2, we know
pH−j(DQY )
is Lefschetz dependent in degree k. By Corollary 6, the variety Y has dependent (k, j+1)-
Lyubeznik number. 
Proof of Theorem 2. The theorem follows immediately from Proposition 7 and Corollary
10. 
All the examples of varieties with dependent Lyubeznik numbers here and in [RSW]
are obtained by gluing smooth varieties along subvarieties. In particular, they are not
analytically locally irreducible. So a challenging question is the following.
Question 11. Does there exist a normal projective variety X , such that the Lyubeznik
numbers of the affine cone λk,j(C(X)) depend on the choice of the projective embedding
of X?
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